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INTRODUCTION.

IF there ever was a case of appropriateness in discovery,
the finding of this manuscript in the summer of 1906 was
one. In the first place it was appropriate that the discovery
should be made in Constantinople, since it was here that the
West received its first manuscripts of the other extant works,
nine in number, of the great Syracusan. It was furthermore
appropriate that the discovery should be made by Professor
Heiberg, facilis princeps among all workers in the field of
editing the classics of Greek mathematics, and an indefati-
gable searcher of the libraries of Europe for manuscripts to
aid him in perfecting his labors. And finally it was most ap-
propriate that this work should appear at a time when the
affiliation of pure and applied mathematics is becoming so
generally recognized all over the world. We are sometimes led
to feel, in considering isolated cases, that the great contribu-
tors of the past have worked in the field of pure mathematics
alone, and the saying of Plutarch that Archimedes felt that
“every kind of art connected with daily needs was ignoble
and vulgar”! may have strengthened this feeling. It there-
fore assists us in properly orientating ourselves to read an-
other treatise from the greatest mathematician of antiquity
that sets clearly before us his indebtedness to the mechanical
applications of his subject.

Not the least interesting of the passages in the manuscript

'Marcellus, 17.
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is the first line, the greeting to Eratosthenes. It is well
known, on the testimony of Diodoros his countryman, that
Archimedes studied in Alexandria, and the latter frequently
makes mention of Konon of Samos whom he knew there,
probably as a teacher, and to whom he was indebted for
the suggestion of the spiral that bears his name. It is
also related, this time by Proclos, that Eratosthenes was
a contemporary of Archimedes, and if the testimony of
so late a writer as Tzetzes, who lived in the twelfth cen-
tury, may be taken as valid, the former was eleven years
the junior of the great Sicilian. Until now, however, we
have had nothing definite to show that the two were ever
acquainted. The great Alexandrian savant,—poet, geogra-
pher, arithmetician,—affectionately called by the students
Pentathlos, the champion in five sports,? selected by Ptolemy
Euergetes to succeed his master, Kallimachos the poet, as
head of the great Library,—this man, the most renowned of
his time in Alexandria, could hardly have been a teacher of
Archimedes, nor yet the fellow student of one who was so
much his senior. It is more probable that they were friends
in the later days when Archimedes was received as a savant
rather than as a learner, and this is borne out by the state-
ment at the close of proposition I which refers to one of his
earlier works, showing that this particular treatise was a late
one. This reference being to one of the two works dedicated

2His nickname of Beta is well known, possibly because his lecture
room was number 2.
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to Dositheos of Kolonos,® and one of these (De lineis spi-
ralibus) referring to an earlier treatise sent to Konon,* we
are led to believe that this was one of the latest works of
Archimedes and that Eratosthenes was a friend of his mature
years, although one of long standing. The statement that the
preliminary propositions were sent “some time ago” bears
out this idea of a considerable duration of friendship, and
the idea that more or less correspondence had resulted from
this communication may be inferred by the statement that
he saw, as he had previously said, that Eratosthenes was
“a capable scholar and a prominent teacher of philosophy,”
and also that he understood “how to value a mathematical
method of investigation when the opportunity offered.” We
have, then, new light upon the relations between these two
men, the leaders among the learned of their day.

A second feature of much interest in the treatise is the
intimate view that we have into the workings of the mind of
the author. It must always be remembered that Archimedes
was primarily a discoverer, and not primarily a compiler as
were Euclid, Apollonios, and Nicomachos. Therefore to have
him follow up his first communication of theorems to Eratos-
thenes by a statement of his mental processes in reaching
his conclusions is not merely a contribution to mathemat-
ics but one to education as well. Particularly is this true in

3We know little of his works, none of which are extant. Geminos
and Ptolemy refer to certain observations made by him in 200 B. C.,
twelve years after the death of Archimedes. Pliny also mentions him.
4 Tesv motl Kévwva druotohéviwy dewpnudtoy.
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the following statement, which may well be kept in mind in
the present day: “I have thought it well to analyse and lay
down for you in this same book a peculiar method by means
of which it will be possible for you to derive instruction as
to how certain mathematical questions may be investigated
by means of mechanics. And I am convinced that this is
equally profitable in demonstrating a proposition itself; for
much that was made evident to me through the medium of
mechanics was later proved by means of geometry, because
the treatment by the former method had not yet been estab-
lished by way of a demonstration. For of course it is easier
to establish a proof if one has in this way previously ob-
tained a conception of the questions, than for him to seek it
without such a preliminary notion. ... Indeed I assume that
some one among the investigators of to-day or in the future
will discover by the method here set forth still other propo-
sitions which have not yet occurred to us.” Perhaps in all
the history of mathematics no such prophetic truth was ever
put into words. It would almost seem as if Archimedes must
have seen as in a vision the methods of Galileo, Cavalieri,
Pascal, Newton, and many of the other great makers of the
mathematics of the Renaissance and the present time.

The first proposition concerns the quadrature of the
parabola, a subject treated at length in one of his earlier
communications to Dositheos.? He gives a digest of the
treatment, but with the warning that the proof is not com-

5 Tetporywvioude napaBohiic.
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plete, as it is in his special work upon the subject. He has,
in fact, summarized propositions VII-XVII of his commu-
nication to Dositheos, omitting the geometric treatment of
propositions XVIII-XXIV. One thing that he does not state,
here or in any of his works, is where the idea of center of
gravity® started. It was certainly a common notion in his
day, for he often uses it without defining it. It appears in
Euclid’s” time, but how much earlier we cannot as yet say.
Proposition II states no new fact. Essentially it means
that if a sphere, cylinder, and cone (always circular) have the
same radius, r, and the altitude of the cone is  and that of
the cylinder 2r, then the volumes will be as 4 : 1 : 6, which
is true, since they are respectively gmr®, imr®, and 2mr®.
The interesting thing, however, is the method pursued, the
derivation of geometric truths from principles of mechanics.
There is, too, in every sentence, a little suggestion of Cav-
alieri, an anticipation by nearly two thousand years of the
work of the greatest immediate precursor of Newton. And
the geometric imagination that Archimedes shows in the last
sentence is also noteworthy as one of the interesting features
of this work: “After I had thus perceived that a sphere is
four times as large as the cone. . .it occurred to me that the
surface of a sphere is four times as great as its largest circle,
in which I proceeded from the idea that just as a circle is

6 Kévtpa Papdsy, for “barycentric” is a very old term.
"At any rate in the anonymous fragment De levi et ponderoso, some-
times attributed to him.
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equal to a triangle whose base is the periphery of the circle,
and whose altitude is equal to its radius, so a sphere is equal
to a cone whose base is the same as the surface of the sphere
and whose altitude is equal to the radius of the sphere.” As
a bit of generalization this throws a good deal of light on the
workings of Archimedes’s mind.

In proposition III he considers the volume of a spheroid,
which he had already treated more fully in one of his let-
ters to Dositheos,® and which contains nothing new from a
mathematical standpoint. Indeed it is the method rather
than the conclusion that is interesting in such of the subse-
quent propositions as relate to mensuration. Proposition V
deals with the center of gravity of a segment of a conoid, and
proposition VI with the center of gravity of a hemisphere,
thus carrying into solid geometry the work of Archimedes
on the equilibrium of planes and on their centers of gravity.’
The general method is that already known in the treatise
mentioned, and this is followed through proposition X.

Proposition XI is the interesting case of a segment of a
right cylinder cut off by a plane through the center of the
lower base and tangent to the upper one. He shows this
to equal one-sixth of the square prism that circumscribes
the cylinder. This is well known to us through the formula
v = 2r%h/3, the volume of the prism being 4r%h, and re-
quires a knowledge of the center of gravity of the cylindric

8 Tepl x0VOELBERY XU GQUPOEDEEV.
9 "Emnédnv looppomédy f xévtpa Pupdsy émmédev.
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section in question. Archimedes is, so far as we know, the
first to state this result, and he obtains it by his usual method
of the skilful balancing of sections. There are several lacu-
nae in the demonstration, but enough of it remains to show
the ingenuity of the general plan. The culminating interest
from the mathematical standpoint lies in proposition XIII,
where Archimedes reduces the whole question to that of the
quadrature of the parabola. He shows that a fourth of the
circumscribed prism is to the segment of the cylinder as the
semi-base of the prism is to the parabola inscribed in the
semi-base; that is, that }lp v = %b : (% . %b), whence v = %p.
Proposition XIV is incomplete, but it is the conclusion of the
two preceding propositions.

In general, therefore, the greatest value of the work lies
in the following:

1. It throws light upon the hitherto only suspected rela-
tions of Archimedes and Eratosthenes.

2. It shows the working of the mind of Archimedes in
the discovery of mathematical truths, showing that he often
obtained his results by intuition or even by measurement,
rather than by an analytic form of reasoning, verifying these
results later by strict analysis.

3. It expresses definitely the fact that Archimedes was
the discoverer of those properties relating to the sphere and
cylinder that have been attributed to him and that are given
in his other works without a definite statement of their au-
thorship.

4. Tt shows that Archimedes was the first to state the
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volume of the cylinder segment mentioned, and it gives an
interesting description of the mechanical method by which
he arrived at his result.

DAvID EUGENE SMITH.
TEACHERS COLLEGE, COLUMBIA UNIVERSITY.



GEOMETRICAL SOLUTIONS DERIVED FROM
MECHANICS.

ARCHIMEDES TO ERATOSTHENES, GREETING:

Some time ago I sent you some theorems I had discov-
ered, writing down only the propositions because I wished
you to find their demonstrations which had not been given.
The propositions of the theorems which I sent you were the
following:

1. If in a perpendicular prism with a parallelogram® for
base a cylinder is inscribed which has its bases in the opposite
parallelograms® and its surface touching the other planes of
the prism, and if a plane is passed through the center of
the circle that is the base of the cylinder and one side of
the square lying in the opposite plane, then that plane will
cut off from the cylinder a section which is bounded by two
planes, the intersecting plane and the one in which the base
of the cylinder lies, and also by as much of the surface of the
cylinder as lies between these same planes; and the detached
section of the cylinder is % of the whole prism.

2. If in a cube a cylinder is inscribed whose bases lie
in opposite parallelograms! and whose surface touches the
other four planes, and if in the same cube a second cylinder
is inscribed whose bases lie in two other parallelograms' and
whose surface touches the four other planes, then the body
enclosed by the surface of the cylinder and comprehended

I'This must mean a square.
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within both cylinders will be equal to % of the whole cube.

These propositions differ essentially from those formerly
discovered; for then we compared those bodies (conoids,
spheroids and their segments) with the volume of cones and
cylinders but none of them was found to be equal to a body
enclosed by planes. Each of these bodies, on the other hand,
which are enclosed by two planes and cylindrical surfaces is
found to be equal to a body enclosed by planes. The demon-
stration of these propositions I am accordingly sending to
you in this book.

Since I see, however, as I have previously said, that you
are a capable scholar and a prominent teacher of philosophy,
and also that you understand how to value a mathemati-
cal method of investigation when the opportunity is offered,
I have thought it well to analyze and lay down for you in
this same book a peculiar method by means of which it will
be possible for you to derive instruction as to how certain
mathematical questions may be investigated by means of
mechanics. And I am convinced that this is equally prof-
itable in demonstrating a proposition itself; for much that
was made evident to me through the medium of mechanics
was later proved by means of geometry because the treat-
ment by the former method had not yet been established by
way of a demonstration. For of course it is easier to establish
a proof if one has in this way previously obtained a concep-
tion of the questions, than for him to seek it without such
a preliminary notion. Thus in the familiar propositions the
demonstrations of which Eudoxos was the first to discover,
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namely that a cone and a pyramid are one third the size of
that cylinder and prism respectively that have the same base
and altitude, no little credit is due to Democritos who was
the first to make that statement about these bodies with-
out any demonstration. But we are in a position to have
found the present proposition in the same way as the ear-
lier one; and I have decided to write down and make known
the method partly because we have already talked about it
heretofore and so no one would think that we were spread-
ing abroad idle talk, and partly in the conviction that by this
means we are obtaining no slight advantage for mathematics,
for indeed I assume that some one among the investigators
of to-day or in the future will discover by the method here
set forth still other propositions which have not yet occurred
to us.

In the first place we will now explain what was also first
made clear to us through mechanics, namely that a segment
of a parabola is % of the triangle possessing the same base and
equal altitude; following which we will explain in order the
particular propositions discovered by the above mentioned
method; and in the last part of the book we will present the
geometrical demonstrations of the propositions.?

1. If one magnitude is taken away from another magni-
tude and the same point is the center of gravity both of the

2In his “Commentar,” Professor Zeuthen calls attention to the fact
that it was already known from Heron’s recently discovered Metrica
that these propositions were contained in this treatise, and Professor
Heiberg made the same comment in Hermes.—Tr.
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whole and of the part removed, then the same point is the
center of gravity of the remaining portion.

2. If one magnitude is taken away from another magni-
tude and the center of gravity of the whole and of the part
removed is not the same point, the center of gravity of the
remaining portion may be found by prolonging the straight
line which connects the centers of gravity of the whole and
of the part removed, and setting off upon it another straight
line which bears the same ratio to the straight line between
the aforesaid centers of gravity, as the weight of the magni-
tude which has been taken away bears to the weight of the
one remaining [De plan. aequil. 1, 8].

3. If the centers of gravity of any number of magnitudes
lie upon the same straight line, then will the center of grav-
ity of all the magnitudes combined lie also upon the same
straight line [Cf. ibid. I, 5].

4. The center of gravity of a straight line is the center of
that line [Cf. ibid. I, 4].

5. The center of gravity of a triangle is the point in which
the straight lines drawn from the angles of a triangle to the
centers of the opposite sides intersect [Ibid. I, 14].

6. The center of gravity of a parallelogram is the point
where its diagonals meet [Ibid. 1, 10].

7. The center of gravity [of a circle] is the center [of that
circle].

8. The center of gravity of a cylinder [is the center of its
axis).

9. The center of gravity of a prism is the center of its
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axis.

10. The center of gravity of a cone so divides its axis
that the section at the vertex is three times as great as the
remainder.

11. Moreover together with the exercise here laid down I
will make use of the following proposition:

If any number of magnitudes stand in the same ratio to
the same number of other magnitudes which correspond pair
by pair, and if either all or some of the former magnitudes
stand in any ratio whatever to other magnitudes, and the
latter in the same ratio to the corresponding ones, then the
sum of the magnitudes of the first series will bear the same
ratio to the sum of those taken from the third series as the
sum of those of the second series bears to the sum of those
taken from the fourth series [De Conoid. 1.

L.

Let afy [Fig. 1] be the segment of a parabola bounded
by the straight line oy and the parabola afvy. Let ay be bi-
sected at 9, 0 Je being parallel to the diameter, and draw a3,
and B7. Then the segment afvy will be % as great as the tri-
angle af37.

From the points a and v draw a( || 08¢, and the tan-
gent v(; produce [yB to k, and make kK = ~vk|. Think
of 76 as a scale-beam with the center at x and let & be any
straight line whatever || €5. Now since yf« is a parabola,
v¢ a tangent and v an ordinate, then ¢ = [9; for this
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indeed has been proved in the Elements [i. e., of conic sec-
tions, cf. Quadr. parab. 2|. For this reason and because
Ca and pé || €, pr = v€, and (k = ka. And because
ya o = p€ ¢ &o (for this is shown in a corollary, [cf.
Quadr. parab. b)), ya : af = vk : kv; and vk = k0, therefore
Ok : kv = p& : £o. And because v is the center of grav-
ity of the straight line €&, since uv = v€, then if we make
™ = €o and 6 as its center of gravity so that 76 = 07, the
straight line 76n will be in equilibrium with pé in its present
position because v is divided in inverse proportion to the
weights 7 and pé, and Ok : kv = ué : n7; therefore k is the
center of gravity of the combined weight of the two. In the

,\\

Q

)

« : P4
Fig. 1.

same way all straight lines drawn in the triangle Ca~y || €
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are in their present positions in equilibrium with their parts
cut off by the parabola, when these are transferred to 6, so
that k is the center of gravity of the combined weight of the
two. And because the triangle v(a consists of the straight
lines in the triangle v« and the segment «afvy consists of
those straight lines within the segment of the parabola cor-
responding to the straight line o, therefore the triangle o~y
in its present position will be in equilibrium at the point
with the parabola-segment when this is transferred to 6 as
its center of gravity, so that x is the center of gravity of the
combined weights of the two. Now let vx be so divided at x
that vk = 3ky; then y will be the center of gravity of the
triangle a(~, for this has been shown in the Statics [cf. De
plan. aequil. 1, 15, p. 186, 3 with Eutokios, S. 320, 5ff.]. Now
the triangle a7y in its present position is in equilibrium at
the point x with the segment Say when this is transferred
to 6 as its center of gravity, and the center of gravity of
the triangle (a7 is x; hence triangle a(v : segm. oSy when
transferred to 6 as its center of gravity = 0k : ky. But
0r = 3rky; hence also triangle a(y = 3segm. afy. But it is
also true that triangle Cay = 4Aafvy because (k = ka and
ad = d7; hence segm. affy = % the triangle a8~y. This is of
course clear.

It is true that this is not proved by what we have said
here; but it indicates that the result is correct. And so, as
we have just seen that it has not been proved but rather
conjectured that the result is correct we have devised a ge-
ometrical demonstration which we made known some time
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ago and will again bring forward farther on.

IL.

That a sphere is four times as large as a cone whose base is
equal to the largest circle of the sphere and whose altitude is
equal to the radius of the sphere, and that a cylinder whose
base is equal to the largest circle of the sphere and whose
altitude is equal to the diameter of the circle is one and a
half times as large as the sphere, may be seen by the present
method in the following way:

NN 7

€ ar\? w ;
Fig. 2.

Let afvé [Fig. 2| be the largest circle of a sphere and
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avy and (0 its diameters perpendicular to each other; let
there be in the sphere a circle on the diameter $6 perpendic-
ular to the circle a9, and on this perpendicular circle let
there be a cone erected with its vertex at a; producing the
convex surface of the cone, let it be cut through ~ by a plane
parallel to its base; the result will be the circle perpendicu-
lar to ay whose diameter will be €. On this circle erect a
cylinder whose axis = ay and whose vertical boundaries are
e\ and (n. Produce ya making o = ya and think of 76 as a
scale-beam with its center at . Then let pur be any straight
line whatever drawn || 3¢ intersecting the circle a3y in
¢ and o, the diameter ay in o, the straight line ae in m and
aC in p, and on the straight line uv construct a plane per-
pendicular to a-y; it will intersect the cylinder in a circle on
the diameter uv; the sphere af8vd, in a circle on the diam-
eter £o; the cone ae( in a circle on the diameter mp. Now
because yo X g = po x o (for ay = op, aoc = wo), and
yaxao = af? = Eo?+an? then puo x om = £o?+on?. More-
over, because ya : oo = po : ow and ya = ab, therefore
Oa :ao = po : o = po? : o x om. But it has been proved
that (0% + on? = o x om; hence af) : ao = po? : o2 + o,
But it is true that po? : 0% + on? = uv? : o + mp? = the
circle in the cylinder whose diameter is pv : the circle in the
cone whose diameter is mp + the circle in the sphere whose
diameter is £o; hence fa : ao = the circle in the cylinder :
the circle in the sphere + the circle in the cone. Therefore
the circle in the cylinder in its present position will be in
equilibrium at the point a with the two circles whose di-
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ameters are o and mp, if they are so transferred to 6 that
0 is the center of gravity of both. In the same way it can
be shown that when another straight line is drawn in the
parallelogram &X || ¢, and upon it a plane is erected per-
pendicular to a7y, the circle produced in the cylinder in its
present position will be in equilibrium at the point o with
the two circles produced in the sphere and the cone when
they are transferred and so arranged on the scale-beam at
the point € that 6 is the center of gravity of both. Therefore
if cylinder, sphere and cone are filled up with such circles
then the cylinder in its present position will be in equilib-
rium at the point o with the sphere and the cone together,
if they are transferred and so arranged on the scale-beam at
the point # that 6 is the center of gravity of both. Now since
the bodies we have mentioned are in equilibrium, the cylinder
with k as its center of gravity, the sphere and the cone trans-
ferred as we have said so that they have 6 as center of gravity,
then fa : ax = cylinder : sphere +cone. But 6a = 2ak,
and hence also the cylinder = 2 x (sphere + cone). But
it is also true that the cylinder = 3cones [Euclid, Elem.
XII, 10], hence 3 cones = 2cones +2spheres. If 2cones be
subtracted from both sides, then the cone whose axes form
the triangle ae( = 2 spheres. But the cone whose axes form
the triangle ae( = 8 cones whose axes form the triangle o3¢
because e( = 234, hence the aforesaid 8 cones = 2spheres.
Consequently the sphere whose greatest circle is a5v4 is four
times as large as the cone with its vertex at «, and whose
base is the circle on the diameter 8 perpendicular to a~y.
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Draw the straight lines ¢Sy and ¥déw || ay through
£ and ¢ in the parallelogram A{ and imagine a cylinder
whose bases are the circles on the diameters ¢ and yw and
whose axis is ay. Now since the cylinder whose axes form
the parallelogram ¢w is twice as large as the cylinder whose
axes form the parallelogram ¢ and the latter is three times
as large as the cone the triangle of whose axes is 39, as is
shown in the Elements [Euclid, Elem. XII, 10], the cylinder
whose axes form the parallelogram ¢w is six times as large
as the cone whose axes form the triangle 8. But it was
shown that the sphere whose largest circle is afv9 is four
times as large as the same cone, consequently the cylinder
is one and one half times as large as the sphere, Q. E. D.

After I had thus perceived that a sphere is four times as
large as the cone whose base is the largest circle of the sphere
and whose altitude is equal to its radius, it occurred to me
that the surface of a sphere is four times as great as its largest
circle, in which I proceeded from the idea that just as a circle
is equal to a triangle whose base is the periphery of the circle
and whose altitude is equal to its radius, so a sphere is equal
to a cone whose base is the same as the surface of the sphere
and whose altitude is equal to the radius of the sphere.

ITI.

By this method it may also be seen that a cylinder whose
base is equal to the largest circle of a spheroid and whose al-
titude is equal to the axis of the spheroid, is one and one half
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times as large as the spheroid, and when this is recognized it
becomes clear that if a spheroid is cut through its center by
a plane perpendicular to its axis, one-half of the spheroid is
twice as great as the cone whose base is that of the segment
and its axis the same.

For let a spheroid be cut by a plane through its axis and
let there be in its surface an ellipse a5y [Fig. 3] whose di-
ameters are oy and 0 and whose center is x and let there
be a circle in the spheroid on the diameter 50 perpendicular
to ay; then imagine a cone whose base is the same circle but
whose vertex is at «, and producing its surface, let the cone
be cut by a plane through v parallel to the base; the intersec-
tion will be a circle perpendicular to ay with e as its diam-
eter. Now imagine a cylinder whose base is the same circle
with the diameter e( and whose axis is a7y; let ya be pro-
duced so that af = ya; think of v as a scale-beam with its
center at a and in the parallelogram A\ draw a straight line
pv || €, and on pv construct a plane perpendicular to a;
this will intersect the cylinder in a circle whose diameter
is pv, the spheroid in a circle whose diameter is £o and the
cone in a circle whose diameter is mp. Because ya : ao = ex :
arm = po : om, and ya = af, therefore fa : o = po : om.
But puo : o = po? : po x on and po x or = wo? + o2,
for ac X 0y : 0€% = ak x Ky : kKB? = ax? : kB? (for both
ratios are equal to the ratio between the diameter and the
parameter [Apollonius, Con. I, 21]) = ac? : on? therefore
ac? : ac X oy = wo? : o0& = on? . om X Wy, conse-
quently pum x mo = 0€2. If mo? is added to both sides then
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po X o = wo? + 0&2. Therefore fa : ao = po? : mo? + o&2.
But puo? : 0&2 + on? = the circle in the cylinder whose diam-
eter is pv : the circle with the diameter £o + the circle with
the diameter mp; hence the circle whose diameter is pv will
in its present position be in equilibrium at the point @ with
the two circles whose diameters are £o and 7p when they are
transferred and so arranged on the scale-beam at the point «
that 6 is the center of gravity of both; and € is the center of
gravity of the two circles combined whose diameters are o
and 7p when their position is changed, hence fa : ao = the

[
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circle with the diameter pv : the two circles whose diameters
are £o0 and mp. In the same way it can be shown that if an-
other straight line is drawn in the parallelogram A( || ¢ and
on this line last drawn a plane is constructed perpendicular
to ary, then likewise the circle produced in the cylinder will
in its present position be in equilibrium at the point @ with
the two circles combined which have been produced in the
spheroid and in the cone respectively when they are so trans-
ferred to the point # on the scale-beam that 6 is the center of
gravity of both. Then if cylinder, spheroid and cone are filled
with such circles, the cylinder in its present position will be
in equilibrium at the point « with the spheroid + the cone
if they are transferred and so arranged on the scale-beam at
the point « that 6 is the center of gravity of both. Now & is
the center of gravity of the cylinder, but 6, as has been said,
is the center of gravity of the spheroid and cone together.
Therefore 6o : ak = cylinder : spheroid + cone. But af =
2ak, hence also the cylinder = 2 x (spheroid 4 cone) =
2 x spheroid 42 X cone. But the cylinder = 3 X cone, hence
3 X cone = 2 X cone +2 X spheroid. Subtract 2 X cone
from both sides; then a cone whose axes form the triangle
ae( = 2 x spheroid. But the same cone = 8 cones whose
axes form the Aafd; hence 8 such cones = 2 x spheroid,
4 x cone = spheroid; whence it follows that a spheroid is
four times as great as a cone whose vertex is at «, and whose
base is the circle on the diameter 5§ perpendicular to Ae, and
one-half the spheroid is twice as great as the same cone.

In the parallelogram A{ draw the straight lines ¢y and
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Yw || ay through the points $ and § and imagine a cylinder
whose bases are the circles on the diameters ¢y and yw,
and whose axis is ay. Now since the cylinder whose axes
form the parallelogram ¢w is twice as great as the cylinder
whose axes form the parallelogram ¢ because their bases
are equal but the axis of the first is twice as great as the axis
of the second, and since the cylinder whose axes form the
parallelogram ¢d is three times as great as the cone whose
vertex is at o and whose base is the circle on the diameter 56
perpendicular to a-y, then the cylinder whose axes form the
parallelogram ¢w is six times as great as the aforesaid cone.
But it has been shown that the spheroid is four times as
great as the same cone, hence the cylinder is one and one
half times as great as the spheroid. Q. E. D.

IV.

That a segment of a right conoid cut by a plane perpen-
dicular to its axis is one and one half times as great as the
cone having the same base and axis as the segment, can be
proved by the same method in the following way:

Let a right conoid be cut through its axis by a plane
intersecting the surface in a parabola afvy [Fig. 4]; let it be
also cut by another plane perpendicular to the axis, and let
their common line of intersection be fv. Let the axis of the
segment be da and let it be produced to # so that fa = «d.
Now imagine 66 to be a scale-beam with its center at «; let
the base of the segment be the circle on the diameter [+
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perpendicular to ad; imagine a cone whose base is the circle
on the diameter v, and whose vertex is at a. Imagine also
a cylinder whose base is the circle on the diameter 8y and
its axis «d, and in the parallelogram let a straight line uv
be drawn || $7 and on pv construct a plane perpendicular
to a; it will intersect the cylinder in a circle whose diameter
is pv, and the segment of the right conoid in a circle whose
diameter is (0. Now since Sary is a parabola, o its diameter
and o and (34 its ordinates, then [Quadr. parab. 3] dav : o =
B2 : £0?. But da = af, therefore fo : ao = po? : 0&2. But
po? 1 0€% = the circle in the cylinder whose diameter is pv :
the circle in the segment of the right conoid whose diameter
is £o, hence fa : aoc = the circle with the diameter pv :
the circle with the diameter o; therefore the circle in the
cylinder whose diameter is pv is in its present position, in
equilibrium at the point o with the circle whose diameter
is o if this be transferred and so arranged on the scale-
beam at # that @ is its center of gravity. And the center of
gravity of the circle whose diameter is uv is at o, that of
the circle whose diameter is £o when its position is changed,
is 6, and we have the inverse proportion, 6« : ao = the circle
with the diameter puv : the circle with the diameter £o. In
the same way it can be shown that if another straight line be
drawn in the parallelogram ey || B+ the circle formed in the
cylinder, will in its present position be in equilibrium at the
point a with that formed in the segment of the right conoid
if the latter is so transferred to # on the scale-beam that
0 is its center of gravity. Therefore if the cylinder and the
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segment of the right conoid are filled up then the cylinder in
its present position will be in equilibrium at the point o with
the segment of the right conoid if the latter is transferred
and so arranged on the scale-beam at # that 6 is its center
of gravity. And since these magnitudes are in equilibrium
at a, and «k is the center of gravity of the cylinder, if ad is
bisected at x and @ is the center of gravity of the segment
transferred to that point, then we have the inverse proportion
fa : ak = cylinder : segment. But o = 2ax and also the
cylinder = 2 x segment . But the same cylinder is 3 times as
great as the cone whose base is the circle on the diameter 5~
and whose vertex is at «; therefore it is clear that the segment
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is one and one half times as great as the same cone.

V.

That the center of gravity of a segment of a right conoid
which is cut off by a plane perpendicular to the axis, lies on
the straight line which is the axis of the segment divided in
such a way that the portion at the vertex is twice as great
as the remainder, may be perceived by our method in the
following way:

Let a segment of a right conoid cut off by a plane perpen-
dicular to the axis be cut by another plane through the axis,
and let the intersection in its surface be the parabola af~y
[Fig. 5] and let the common line of intersection of the plane
which cut off the segment and of the intersecting plane
be [7v; let the axis of the segment and the diameter of the
parabola a8y be ad; produce da so that af = ad and imag-
ine 06 to be a scale-beam with its center at «; then inscribe
a cone in the segment with the lateral boundaries Sa and o~y
and in the parabola draw a straight line o || 57 and let it cut
the parabola in £ and o and the lateral boundaries of the cone
in 7 and p. Now because {0 and 9 are drawn perpendicular
to the diameter of the parabola, da : ao = 36 : 02 [Quadr.
parab. 3]. But da : aoc = 36 : mo = 362 : 36 x wo, therefore
also 362 : 02 = 6% : 36 x wo. Consequently (02 = 85 X o
and 36 : éo = &0 ¢ wo, therefore 36 : o = £o0? @ on?.
But g6 : mo = da : ac = 6Oa : «ao, therefore also

Oa 1 aoc = £0? @ om?. On o construct a plane perpen-
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dicular to «ad; this will intersect the segment of the right
conoid in a circle whose diameter is £o and the cone in a cir-
cle whose diameter is mp. Now because 0o : ao = {02 @ om?
and £0? : on? = the circle with the diameter £o : the circle
with the diameter mp, therefore fa : o = the circle whose
diameter is £o : the circle whose diameter is mp. Therefore
the circle whose diameter is o will in its present position be
in equilibrium at the point o with the circle whose diameter
is mp when this is so transferred to 6 on the scale-beam that
0 is its center of gravity. Now since o is the center of gravity
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of the circle whose diameter is £o in its present position,
and 6 is the center of gravity of the circle whose diameter
is mp if its position is changed as we have said, and inversely
fa : ao = the circle with the diameter o : the circle with
the diameter mp, then the circles are in equilibrium at the
point a. In the same way it can be shown that if another
straight line is drawn in the parabola || 8y and on this line
last drawn a plane is constructed perpendicular to «d, the
circle formed in the segment of the right conoid will in its
present position be in equilibrium at the point o with the
circle formed in the cone, if the latter is transferred and
so arranged on the scale-beam at 6 that 6 is its center of
gravity. Therefore if the segment and the cone are filled
up with circles, all circles in the segment will be in their
present positions in equilibrium at the point a with all cir-
cles of the cone if the latter are transferred and so arranged
on the scale-beam at the point 6 that 6 is their center of
gravity. Therefore also the segment of the right conoid in
its present position will be in equilibrium at the point «
with the cone if it is transferred and so arranged on the
scale-beam at 0 that 6 is its center of gravity. Now because
the center of gravity of both magnitudes taken together is «,
but that of the cone alone when its position is changed is 6,
then the center of gravity of the remaining magnitude lies
on af) extended towards « if ak is cut off in such a way that
af : ak = segment : cone. But the segment is one and one
half the size of the cone, consequently af = %cm and k, the
center of gravity of the right conoid, so divides ad that the
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portion at the vertex of the segment is twice as large as the
remainder.

VL

[The center of gravity of a hemisphere is so divided on
its axis| that the portion near the surface of the hemisphere
is in the ratio of 5 : 3 to the remaining portion.

Let a sphere be cut by a plane through its center in-
tersecting the surface in the circle afvyd [Fig. 6], oy and
B0 being two diameters of the circle perpendicular to each
other. Let a plane be constructed on 50 perpendicular to ay.
Then imagine a cone whose base is the circle with the diam-
eter 49, whose vertex is at « and its lateral boundaries are
Ba and ad; let ya be produced so that af = ya, imagine
the straight line v to be a scale-beam with its center at «
and in the semicircle fad draw a straight line o || 36; let
it cut the circumference of the semicircle in ¢ and o, the
lateral boundaries of the cone in 7 and p, and avy in .
On o construct a plane perpendicular to ae; it will inter-
sect the hemisphere in a circle with the diameter £o, and
the cone in a circle with the diameter mp. Now because
ay : ae = £a? : ae® and £o? = ae? + €2 and ae = e,
therefore oy : ae = £€2 +em? : en?. But €2 +en? 1 en? = the
circle with the diameter £o + the circle with the diame-
ter wp : the circle with the diameter 7p, and ya = af, hence
fa : ae = the circle with the diameter o + the circle with
the diameter mp : circle with the diameter mp. Therefore the



GEOMETRICAL SOLUTIONS DERIVED FROM MECHANICS. 30

Fig. 6.

two circles whose diameters are o and 7p in their present
position are in equilibrium at the point a with the circle
whose diameter is mp if it is transferred and so arranged
at 0 that 0 is its center of gravity. Now since the center of
gravity of the two circles whose diameters are {o and 7p in
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their present position [is the point €, but of the circle whose
diameter is mp when its position is changed is the point 6,
then fa : ae = the circles whose diameters are| o[, mp :
the circle whose diameter is wp. In the same way if another
straight line in the] hemisphere fad [is drawn || 5§ and a
plane is constructed] perpendicular to [y the| two [circles
produced in the cone and in the hemisphere are in their po-
sition] in equilibrium at « [with the circle which is produced
in the cone] if it is transferred and arranged on the scale at 6.
[Now if] the hemisphere and the cone [are filled up with cir-
cles then all circles in the] hemisphere and those [in the cone]
will in their present position be in equilibrium [with all cir-
cles] in the cone, if these are transferred and so arranged on
the scale-beam at 6 that 6 is their center of gravity; [there-
fore the hemisphere and cone also| are in their position [in
equilibrium at the point «] with the cone if it is transferred
and so arranged [on the scale-beam at 6] that 6 is its center
of gravity.

VIL

By [this method] it may also be perceived that [any
segment whatever| of a sphere bears the same ratio to a
cone having the same [base] and axis [that the radius of the
sphere + the axis of the opposite segment : the axis of the
Opposite segment] ... ...
and [Fig. 7] on pv construct a plane perpendicular to a~y; it
will intersect the cylinder in a circle whose diameter is pv,



GEOMETRICAL SOLUTIONS DERIVED FROM MECHANICS. 32

the segment of the sphere in a circle whose diameter is o
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and the cone whose base is the circle on the diameter ¢ and
whose vertex is at a in a circle whose diameter is wp. In
the same way as before it may be shown that a circle whose
diameter is pv is in its present position in equilibrium at «
with the two circles [whose diameters are o and mp if they
are so arranged on the scale-beam that 6 is their center of
gravity. [And the same can be proved of all corresponding
circles.] Now since cylinder, cone, and spherical segment
are filled up with such circles, the cylinder in its present
position [will be in equilibrium at «] with the cone + the
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spherical segment if they are transferred and attached to
the scale-beam at #. Divide an at ¢ and x so that ay = xn
and n¢ = %aqﬁ; then y will be the center of gravity of the
cylinder because it is the center of the axis an. Now be-
cause the above mentioned bodies are in equilibrium at «,
cylinder : cone with the diameter of its base e 4 the spher-
ical segment Sad = O : ay. And because na = 3n¢ then

[vn % n¢] = 2an x ny. Therefore also yn x ng = 160 ...

VIla.

In the same way it may be perceived that any segment of
an ellipsoid cut off by a perpendicular plane, bears the same
ratio to a cone having the same base and the same axis, as
half of the axis of the ellipsoid + the axis of the opposite
segment bears to the axis of the opposite segment. ........

VIII.

produce ay [Fig. 8] making af = ay and 7§ = the radius
of the sphere; imagine 76 to be a scale-beam with a center
at «, and in the plane cutting off the segment inscribe a circle
with its center at n and its radius = amn; on this circle con-
struct a cone with its vertex at a and its lateral boundaries
ae and (. Then draw a straight line kA || €C; let it cut the
circumference of the segment at x and A, the lateral bound-
aries of the cone ae( at p and o and ay at m. Now because
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ay :ar = ak? : ar? and ka? = ar? + 7% and ar? = 7o

(since also an? = en?), then ya : ar = kr? + mo? : or?. But
k2 +mo? : mo? = the circle with the diameter kK + the circle
with the diameter op : the circle with the diameter op and
vya = ab; therefore 6o : am = the circle with the diameter
kA 4 the circle with the diameter op : the circle with the
diameter op. Now since the circle with the diameter kA +
the circle with the diameter op : the circle with the diam-



GEOMETRICAL SOLUTIONS DERIVED FROM MECHANICS. 35

eter op = af : ma, let the circle with the diameter op be
transferred and so arranged on the scale-beam at 6 that 6 is
its center of gravity; then O« : am = the circle with the di-
ameter kA + the circle with the diameter op in their present
positions : the circle with the diameter op if it is transferred
and so arranged on the scale-beam at 6 that 6 is its center of
gravity. Therefore the circles in the segment Sad and in the
cone ae( are in equilibrium at a with that in the cone ae(.
And in the same way all circles in the segment fad and in
the cone ae( in their present positions are in equilibrium at
the point a with all circles in the cone ae( if they are trans-
ferred and so arranged on the scale-beam at 6 that @ is their
center of gravity; then also the spherical segment o560 and
the cone ae( in their present positions are in equilibrium at
the point @ with the cone ea( if it is transferred and so ar-
ranged on the scale-beam at 6 that 6 is its center of gravity.
Let the cylinder ur equal the cone whose base is the circle
with the diameter e¢( and whose vertex is at o and let an be
so divided at ¢ that an = 4¢n; then ¢ is the center of gravity
of the cone ea( as has been previously proved. Moreover let
the cylinder uv be so cut by a perpendicularly intersecting
plane that the cylinder p is in equilibrium with the cone eac.
Now since the segment a9 + the cone ea in their present
positions are in equilibrium at o with the cone ea( if it is
transferred and so arranged on the scale-beam at 6 that 6 is
its center of gravity, and cylinder uv = cone ea( and the two
cylinders p+ v are moved to 6 and pv is in equilibrium with
both bodies, then will also the cylinder v be in equilibrium
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with the segment of the sphere at the point . And since
the spherical segment Sad : the cone whose base is the circle
with the diameter 50, and whose vertex is at a = &n @ ny
(for this has previously been proved [De sph. et cyl. 11, 2
Coroll.]) and cone fad : cone ea = the circle with the di-
ameter (30 : the circle with the diameter e = 8n* : ne?, and
Bn? = yn x na, ne* = na®, and yn x na : na® = yn : na,
therefore cone fad : cone ea( = vyn : na. But we have
shown that cone fad : segment Sad = vn : né, hence 6V Toou
segment, Sad : cone ea( = &n : na. And because ay : xn =
na+4ny : an+2ny so inversely ny : xya = 2yn+na : 4yn+na
and by addition na : axy = 6yn + 2na @ na + 4ny. But
né = 1(6ny + 2na) and v¢ = 1(4ny + na); for that is
evident. Hence na : axy = &n : ~v¢, consequently also
&n @ na = ¢ : xa. But it was also demonstrated that
&n : na = the segment whose vertex is at a and whose base
is the circle with the diameter (56 : the cone whose vertex is
at a and whose base is the circle with the diameter €(; hence
segment, Sad : cone ea( = y¢ : ya. And since the cylinder p
is in equilibrium with the cone ea( at «, and 6 is the center
of gravity of the cylinder while ¢ is that of the cone ea(,
then cone ea( : cylinder p = fa : ap = ya : a¢. But
cylinder puv = cone ea(; hence by subtraction, cylinder p :
cylinder v = a¢ : y¢. And cylinder uv = cone ea(; hence
cone ea( : cylinder v = ya : y¢ = fa : y¢. But it was
also demonstrated that segment Sad : cone ea( = v¢ : xa;
hence 8 ioou segment Sad : cylinder v = (o : ay. And it
was demonstrated that segment Sad is in equilibrium at «
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with the cylinder v and 6 is the center of gravity of the
cylinder v, consequently the point y is also the center of
gravity of the segment Sad.

IX.

In a similar way it can also be perceived that the center
of gravity of any segment of an ellipsoid lies on the straight
line which is the axis of the segment so divided that the
portion at the vertex of the segment bears the same ratio to
the remaining portion as the axis of the segment + 4 times
the axis of the opposite segment bears to the axis of the
segment + twice the axis of the opposite segment.

X.

It can also be seen by this method that [a segment of
a hyperboloid] bears the same ratio to a cone having the
same base and axis as the segment, that the axis of the
segment + 3 times the addition to the axis bears to the
axis of the segment of the hyperboloid + twice its addition
[De Conoid. 25]; and that the center of gravity of the hy-
perboloid so divides the axis that the part at the vertex
bears the same ratio to the rest that three times the axis +
eight times the addition to the axis bears to the axis of the
hyperboloid + 4 times the addition to the axis, and many
other points which I will leave aside since the method has
been made clear by the examples already given and only the
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demonstrations of the above given theorems remain to be
stated.

XI.

When in a perpendicular prism with square bases a cylin-
der is inscribed whose bases lie in opposite squares and whose
curved surface touches the four other parallelograms, and
when a plane is passed through the center of the circle which
is the base of the cylinder and one side of the opposite square,
then the body which is cut off by this plane [from the cylin-
der| will be % of the entire prism. This can be perceived
through the present method and when it is so warranted we
will pass over to the geometrical proof of it.

Imagine a perpendicular prism with square bases and a
cylinder inscribed in the prism in the way we have described.
Let the prism be cut through the axis by a plane perpendic-
ular to the plane which cuts off the section of the cylinder;
this will intersect the prism containing the cylinder in the
parallelogram af [Fig. 9] and the common intersecting line
of the plane which cuts off the section of the cylinder and
the plane lying through the axis perpendicular to the one
cutting off the section of the cylinder will be g7; let the axis
of the cylinder and the prism be v which is bisected at right
angles by e( and on € let a plane be constructed perpendic-
ular to 9. This will intersect the prism in a square and the
cylinder in a circle.

Now let the intersection of the prism be the square pv



GEOMETRICAL SOLUTIONS DERIVED FROM MECHANICS. 39

/f\z?\fp
L . 1))
J

o}

[Fig. 10], that of the cylinder, the circle {omp and let the cir-
cle touch the sides of the square at the points &, o, 7 and p;
let the common line of intersection of the plane cutting off
the cylinder-section and that passing through e( perpendic-
ular to the axis of the cylinder, be xA; this line is bisected
by m6¢. In the semicircle omp draw a straight line o7 perpen-
dicular to my, on o7 construct a plane perpendicular to {7
and produce it to both sides of the plane enclosing the cir-
cle (omp; this will intersect the half-cylinder whose base is
the semicircle omp and whose altitude is the axis of the prism,
in a parallelogram one side of which = o7 and the other =
the vertical boundary of the cylinder, and it will intersect the
cylinder-section likewise in a parallelogram of which one side
is o7 and the other uv [Fig. 9]; and accordingly uv will be
drawn in the parallelogram de || fw and will cut off e2 = .
Now because ey is a parallelogram and v || 6, and €f and
B cut the parallels, therefore € : 01 = wvy : yv = Pw : vv.

& vV V w /t
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But fw : vv = parallelogram in the half-cylinder : parallel-
ogram in the cylinder-section, therefore both parallelograms
have the same side o7; and e = 6w, 10 = x0; and since
w6 = 0¢ therefore 6¢ : 0y = parallelogram in half-cylinder :
parallelogram in the cylinder-section. Imagine the parallelo-
gram in the cylinder-section transferred and so brought to &
that ¢ is its center of gravity, and further imagine 7€ to be a
scale-beam with its center at #; then the parallelogram in the
half-cylinder in its present position is in equilibrium at the
point 6 with the parallelogram in the cylinder-section when
it is transferred and so arranged on the scale-beam at & that
¢ is its center of gravity. And since y is the center of grav-
ity in the parallelogram in the half-cylinder, and £ that of
the parallelogram in the cylinder-section when its position
is changed, and &0 : 0y = the parallelogram whose center
of gravity is x : the parallelogram whose center of gravity
is &, then the parallelogram whose center of gravity is y will
be in equilibrium at  with the parallelogram whose center
of gravity is £&. In this way it can be proved that if another
straight line is drawn in the semicircle omp perpendicular
to mf and on this straight line a plane is constructed per-
pendicular to 70 and is produced towards both sides of the
plane in which the circle omp lies, then the parallelogram
formed in the half-cylinder in its present position will be in
equilibrium at the point § with the parallelogram formed in
the cylinder-section if this is transferred and so arranged on
the scale-beam at & that & is its center of gravity; therefore
also all parallelograms in the half-cylinder in their present
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positions will be in equilibrium at the point # with all paral-
lelograms of the cylinder-section if they are transferred and
attached to the scale-beam at the point &; consequently also
the half-cylinder in its present position will be in equilibrium
at the point # with the cylinder-section if it is transferred
and so arranged on the scale-beam at & that £ is its center
of gravity.

XII.

Let the parallelogram pr be perpendicular to the axis
[of the circle] o [mp] [Fig. 11]. Draw Ou and 6n and erect
upon them two planes perpendicular to the plane in which
the semicircle omp lies and extend these planes on both sides.
The result is a prism whose base is a triangle similar to 6un
and whose altitude is equal to the axis of the cylinder, and
this prism is }l of the entire prism which contains the cylin-
der. In the semicircle omrp and in the square pv draw two
straight lines kA and 7v at equal distances from 7¢&; these
will cut the circumference of the semicircle omp at the points
k and 7, the diameter op at ¢ and ( and the straight lines 6n
and Ou at ¢ and y. Upon kA and 7v construct two planes
perpendicular to op and extend them towards both sides of
the plane in which lies the circle £omp; they will intersect
the half-cylinder whose base is the semicircle omp and whose
altitude is that of the cylinder, in a parallelogram one side
of which = ko and the other = the axis of the cylinder; and
they will intersect the prism Onpu likewise in a parallelogram
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one side of which is equal to Ay and the other equal to the
axis, and in the same way the half-cylinder in a parallelo-
gram one side of which = 7¢ and the other = the axis of the
cylinder, and the prism in a parallelogram one side of which
= v¢ and the other = the axis of the cylinder. ............

XIII.

Let the square afv0 [Fig. 12] be the base of a perpendic-
ular prism with square bases and let a cylinder be inscribed
in the prism whose base is the circle e(nf which touches the
sides of the parallelogram afvd at €, (, n, and 6. Pass a
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plane through its center and the side in the square opposite
the square afvyd corresponding to the side vd; this will cut
off from the whole prism a second prism which is }1 the size
of the whole prism and which will be bounded by three par-
allelograms and two opposite triangles. In the semicircle e(n
describe a parabola whose origin is ne and whose axis is (k,
and in the parallelogram ¢n draw pv || x(; this will cut
the circumference of the semicircle at &, the parabola at A,
and pv X vA = v(? (for this is evident [Apollonios, Con.
I, 11]). Therefore pv : vA = xkn* : Ao?. Upon uv construct
a plane parallel to en; this will intersect the prism cut off
from the whole prism in a right-angled triangle one side
of which is uv and the other a straight line in the plane
upon ¢ perpendicular to v at v and equal to the axis of
the cylinder, but whose hypotenuse is in the intersecting
plane. It will intersect the portion which is cut off from the
cylinder by the plane passed through en and the side of the
square opposite the side 70 in a right-angled triangle one
side of which is p& and the other a straight line drawn in the
surface of the cylinder perpendicular to the plane kv, and
the hypotenuse ........ ... ... .. .
and all the triangles in the prism : all the triangles in the
cylinder-section = all the straight lines in the parallelo-
gram ¢ : all the straight lines between the parabola and the
straight line en. And the prism consists of the triangles in the
prism, the cylinder-section of those in the cylinder-section,
the parallelogram o7 of the straight lines in the parallelo-
gram 67 || k¢ and the segment of the parabola of the straight
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lines cut off by the parabola and the straight line en; hence
prism : cylinder-section = parallelogram 7d : segment e(n
that is bounded by the parabola and the straight line en.
But the parallelogram n = % the segment bounded by the
parabola and the straight line en as indeed has been shown in
the previously published work, hence also the prism is equal
to one and one half times the cylinder-section. Therefore
when the cylinder-section = 2, the prism = 3 and the whole
prism containing the cylinder equals 12, because it is four
times the size of the other prism; hence the cylinder-section
is equal to % of the prism, Q. E. D.
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XIV.

[Inscribe a cylinder in| a perpendicular prism with square
bases [and let it be cut by a plane passed through the cen-
ter of the base of the cylinder and one side of the opposite
square.] Then this plane will cut off a prism from the whole
prism and a portion of the cylinder from the cylinder. It may
be proved that the portion cut off from the cylinder by the
plane is one-sixth of the whole prism. But first we will prove
that it is possible to inscribe a solid figure in the cylinder-
section and to circumscribe another composed of prisms of
equal altitude and with similar triangles as bases, so that
the circumscribed figure exceeds the inscribed less than any
given magnitude. ...... ...

But it has been shown that the prism cut off by the in-
clined plane < % the body inscribed in the cylinder-section.
Now the prism cut off by the inclined plane : the body in-
scribed in the cylinder-section = parallelogram 7 : the paral-
lelograms which are inscribed in the segment bounded by the
parabola and the straight line en. Hence the parallelogram
on < % the parallelograms in the segment bounded by the
parabola and the straight line en. But this is impossible be-
cause we have shown elsewhere that the parallelogram o7 is
one and one half times the segment bounded by the parabola
and the straight line en, consequently is ...................
Nnot greater ...... ... e

And all prisms in the prism cut off by the inclined plane :
all prisms in the figure described around the cylinder-
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section = all parallelograms in the parallelogram 67 : all
parallelograms in the figure which is described around the
segment bounded by the parabola and the straight line en,
i. e., the prism cut off by the inclined plane : the figure
described around the cylinder-section = parallelogram o7 :
the figure bounded by the parabola and the straight line en.
But the prism cut off by the inclined plane is greater than
one and one half times the solid figure circumscribed around
the cylinder-section ........ ... . ... . i



End of the Project Gutenberg EBook of Geometrical Solutions Derived from
Mechanics, by Archimedes

**x END OF THIS PROJECT GUTENBERG EBOOK GEOMETRICAL SOLUTIONS x*x*3x*

*x**x*x This file should be named 7825-pdf.pdf or 7825-pdf.zip ****x
This and all associated files of various formats will be found in:
http://www.gutenberg.org/7/8/2/7825/

Produced by Gordon Keener

Updated editions will replace the previous one--the old editions
will be renamed.

Creating the works from public domain print editions means that no

one owns a United States copyright in these works, so the Foundation
(and you!) can copy and distribute it in the United States without
permission and without paying copyright royalties. Special rules,

set forth in the General Terms of Use part of this license, apply to
copying and distributing Project Gutenberg-tm electronic works to
protect the PROJECT GUTENBERG-tm concept and trademark. Project
Gutenberg is a registered trademark, and may not be used if you

charge for the eBooks, unless you receive specific permission. If you
do not charge anything for copies of this eBook, complying with the
rules is very easy. You may use this eBook for nearly any purpose
such as creation of derivative works, reports, performances and
research. They may be modified and printed and given away--you may do
practically ANYTHING with public domain eBooks. Redistribution is
subject to the trademark license, especially commercial
redistribution.

*x% START: FULL LICENSE **x

THE FULL PROJECT GUTENBERG LICENSE
PLEASE READ THIS BEFORE YOU DISTRIBUTE OR USE THIS WORK

To protect the Project Gutenberg-tm mission of promoting the free
distribution of electronic works, by using or distributing this work



LICENSE. 11

(or any other work associated in any way with the phrase "Project

Gutenberg"), you agree to comply with all the terms of the Full Project

Gutenberg-tm License available with this file or online at
www.gutenberg.org/license.

Section 1. General Terms of Use and Redistributing Project Gutenberg-tm
electronic works

1.A. By reading or using any part of this Project Gutenberg-tm
electronic work, you indicate that you have read, understand, agree to
and accept all the terms of this license and intellectual property
(trademark/copyright) agreement. If you do not agree to abide by all
the terms of this agreement, you must cease using and return or destroy
all copies of Project Gutenberg-tm electronic works in your possession.
If you paid a fee for obtaining a copy of or access to a Project
Gutenberg-tm electronic work and you do not agree to be bound by the
terms of this agreement, you may obtain a refund from the person or
entity to whom you paid the fee as set forth in paragraph 1.E.8.

1.B. "Project Gutenberg" is a registered trademark. It may only be
used on or associated in any way with an electronic work by people who
agree to be bound by the terms of this agreement. There are a few
things that you can do with most Project Gutenberg-tm electronic works
even without complying with the full terms of this agreement. See
paragraph 1.C below. There are a lot of things you can do with Project
Gutenberg-tm electronic works if you follow the terms of this agreement
and help preserve free future access to Project Gutenberg-tm electronic
works. See paragraph 1.E below.

1.C. The Project Gutenberg Literary Archive Foundation ("the Foundation"
or PGLAF), owns a compilation copyright in the collection of Project
Gutenberg-tm electronic works. Nearly all the individual works in the
collection are in the public domain in the United States. If an
individual work is in the public domain in the United States and you are
located in the United States, we do not claim a right to prevent you from
copying, distributing, performing, displaying or creating derivative
works based on the work as long as all references to Project Gutenberg
are removed. O0f course, we hope that you will support the Project
Gutenberg-tm mission of promoting free access to electronic works by



LICENSE. 11T

freely sharing Project Gutenberg-tm works in compliance with the terms of
this agreement for keeping the Project Gutenberg-tm name associated with
the work. You can easily comply with the terms of this agreement by
keeping this work in the same format with its attached full Project
Gutenberg-tm License when you share it without charge with others.

1.D. The copyright laws of the place where you are located also govern
what you can do with this work. Copyright laws in most countries are in
a constant state of change. If you are outside the United States, check
the laws of your country in addition to the terms of this agreement
before downloading, copying, displaying, performing, distributing or
creating derivative works based on this work or any other Project
Gutenberg-tm work. The Foundation makes no representations concerning
the copyright status of any work in any country outside the United
States.

1.E. Unless you have removed all references to Project Gutenberg:

1.E.1. The following sentence, with active links to, or other immediate
access to, the full Project Gutenberg-tm License must appear prominently
whenever any copy of a Project Gutenberg-tm work (any work on which the
phrase "Project Gutenberg" appears, or with which the phrase "Project
Gutenberg" is associated) is accessed, displayed, performed, viewed,
copied or distributed:

This eBook is for the use of anyone anywhere at no cost and with
almost no restrictions whatsoever. You may copy it, give it away or
re-use it under the terms of the Project Gutenberg License included
with this eBook or online at www.gutenberg.org

1.E.2. 1If an individual Project Gutenberg-tm electronic work is derived
from the public domain (does not contain a notice indicating that it is
posted with permission of the copyright holder), the work can be copied
and distributed to anyone in the United States without paying any fees
or charges. If you are redistributing or providing access to a work
with the phrase "Project Gutenberg" associated with or appearing on the
work, you must comply either with the requirements of paragraphs 1.E.1
through 1.E.7 or obtain permission for the use of the work and the
Project Gutenberg-tm trademark as set forth in paragraphs 1.E.8 or
1.E.9.



LICENSE. I\

1.E.3. If an individual Project Gutenberg-tm electronic work is posted
with the permission of the copyright holder, your use and distribution
must comply with both paragraphs 1.E.1 through 1.E.7 and any additional
terms imposed by the copyright holder. Additional terms will be linked
to the Project Gutenberg-tm License for all works posted with the

permission of the copyright holder found at the beginning of this work.

1.E.4. Do not unlink or detach or remove the full Project Gutenberg-tm
License terms from this work, or any files containing a part of this
work or any other work associated with Project Gutenberg-tm.

1.E.5. Do not copy, display, perform, distribute or redistribute this
electronic work, or any part of this electronic work, without
prominently displaying the sentence set forth in paragraph 1.E.1 with
active links or immediate access to the full terms of the Project
Gutenberg-tm License.

1.E.6. You may convert to and distribute this work in any binary,
compressed, marked up, nonproprietary or proprietary form, including any
word processing or hypertext form. However, if you provide access to or
distribute copies of a Project Gutenberg-tm work in a format other than
"Plain Vanilla ASCII" or other format used in the official version
posted on the official Project Gutenberg-tm web site (www.gutenberg.org),
you must, at no additional cost, fee or expense to the user, provide a
copy, a means of exporting a copy, or a means of obtaining a copy upon
request, of the work in its original "Plain Vanilla ASCII" or other
form. Any alternate format must include the full Project Gutenberg-tm
License as specified in paragraph 1.E.1.

1.E.7. Do not charge a fee for access to, viewing, displaying,
performing, copying or distributing any Project Gutenberg-tm works
unless you comply with paragraph 1.E.8 or 1.E.9.

1.E.8. You may charge a reasonable fee for copies of or providing
access to or distributing Project Gutenberg-tm electronic works provided
that

- You pay a royalty fee of 20% of the gross profits you derive from
the use of Project Gutenberg-tm works calculated using the method



LICENSE. V

you already use to calculate your applicable taxes. The fee is
owed to the owner of the Project Gutenberg-tm trademark, but he
has agreed to donate royalties under this paragraph to the
Project Gutenberg Literary Archive Foundation. Royalty payments
must be paid within 60 days following each date on which you
prepare (or are legally required to prepare) your periodic tax
returns. Royalty payments should be clearly marked as such and
sent to the Project Gutenberg Literary Archive Foundation at the
address specified in Section 4, "Information about donations to
the Project Gutenberg Literary Archive Foundation."

- You provide a full refund of any money paid by a user who notifies
you in writing (or by e-mail) within 30 days of receipt that s/he
does not agree to the terms of the full Project Gutenberg-tm
License. You must require such a user to return or
destroy all copies of the works possessed in a physical medium
and discontinue all use of and all access to other copies of
Project Gutenberg-tm works.

- You provide, in accordance with paragraph 1.F.3, a full refund of any
money paid for a work or a replacement copy, if a defect in the
electronic work is discovered and reported to you within 90 days
of receipt of the work.

- You comply with all other terms of this agreement for free
distribution of Project Gutenberg-tm works.

1.E.9. If you wish to charge a fee or distribute a Project Gutenberg-tm
electronic work or group of works on different terms than are set

forth in this agreement, you must obtain permission in writing from
both the Project Gutenberg Literary Archive Foundation and Michael

Hart, the owner of the Project Gutenberg-tm trademark. Contact the
Foundation as set forth in Section 3 below.

1.F.1. Project Gutenberg volunteers and employees expend considerable
effort to identify, do copyright research on, transcribe and proofread
public domain works in creating the Project Gutenberg-tm

collection. Despite these efforts, Project Gutenberg-tm electronic



LICENSE. VI

works, and the medium on which they may be stored, may contain
"Defects," such as, but not limited to, incomplete, inaccurate or
corrupt data, transcription errors, a copyright or other intellectual
property infringement, a defective or damaged disk or other medium, a
computer virus, or computer codes that damage or cannot be read by
your equipment.

1.F.2. LIMITED WARRANTY, DISCLAIMER OF DAMAGES - Except for the "Right
of Replacement or Refund" described in paragraph 1.F.3, the Project
Gutenberg Literary Archive Foundation, the owner of the Project
Gutenberg-tm trademark, and any other party distributing a Project
Gutenberg-tm electronic work under this agreement, disclaim all
liability to you for damages, costs and expenses, including legal
fees. YOU AGREE THAT YOU HAVE NO REMEDIES FOR NEGLIGENCE, STRICT
LIABILITY, BREACH OF WARRANTY OR BREACH OF CONTRACT EXCEPT THOSE
PROVIDED IN PARAGRAPH 1.F.3. YOU AGREE THAT THE FOUNDATION, THE
TRADEMARK OWNER, AND ANY DISTRIBUTOR UNDER THIS AGREEMENT WILL NOT BE
LIABLE TO YOU FOR ACTUAL, DIRECT, INDIRECT, CONSEQUENTIAL, PUNITIVE OR
INCIDENTAL DAMAGES EVEN IF YOU GIVE NOTICE OF THE POSSIBILITY OF SUCH
DAMAGE.

1.F.3. LIMITED RIGHT OF REPLACEMENT OR REFUND - If you discover a
defect in this electronic work within 90 days of receiving it, you can
receive a refund of the money (if any) you paid for it by sending a
written explanation to the person you received the work from. If you
received the work on a physical medium, you must return the medium with
your written explanation. The person or entity that provided you with
the defective work may elect to provide a replacement copy in lieu of a
refund. If you received the work electronically, the person or entity
providing it to you may choose to give you a second opportunity to
receive the work electronically in lieu of a refund. If the second copy
is also defective, you may demand a refund in writing without further
opportunities to fix the problem.

1.F.4. Except for the limited right of replacement or refund set forth
in paragraph 1.F.3, this work is provided to you ’AS-IS’, WITH NO OTHER
WARRANTIES OF ANY KIND, EXPRESS OR IMPLIED, INCLUDING BUT NOT LIMITED TO
WARRANTIES OF MERCHANTABILITY OR FITNESS FOR ANY PURPOSE.

1.F.5. Some states do not allow disclaimers of certain implied



LICENSE. VII

warranties or the exclusion or limitation of certain types of damages.
If any disclaimer or limitation set forth in this agreement violates the
law of the state applicable to this agreement, the agreement shall be
interpreted to make the maximum disclaimer or limitation permitted by
the applicable state law. The invalidity or unenforceability of any
provision of this agreement shall not void the remaining provisions.

1.F.6. INDEMNITY - You agree to indemnify and hold the Foundation, the
trademark owner, any agent or employee of the Foundation, anyone
providing copies of Project Gutenberg-tm electronic works in accordance
with this agreement, and any volunteers associated with the production,
promotion and distribution of Project Gutenberg-tm electronic works,
harmless from all liability, costs and expenses, including legal fees,
that arise directly or indirectly from any of the following which you do
or cause to occur: (a) distribution of this or any Project Gutenberg-tm
work, (b) alteration, modification, or additions or deletions to any
Project Gutenberg-tm work, and (c) any Defect you cause.

Section 2. Information about the Mission of Project Gutenberg-tm

Project Gutenberg-tm is synonymous with the free distribution of
electronic works in formats readable by the widest variety of computers
including obsolete, old, middle-aged and new computers. It exists
because of the efforts of hundreds of volunteers and donations from
people in all walks of life.

Volunteers and financial support to provide volunteers with the
assistance they need are critical to reaching Project Gutenberg-tm’s
goals and ensuring that the Project Gutenberg-tm collection will
remain freely available for generations to come. In 2001, the Project
Gutenberg Literary Archive Foundation was created to provide a secure
and permanent future for Project Gutenberg-tm and future generations.
To learn more about the Project Gutenberg Literary Archive Foundation
and how your efforts and donations can help, see Sections 3 and 4

and the Foundation information page at www.gutenberg.org

Section 3. Information about the Project Gutenberg Literary Archive
Foundation



LICENSE. VIII

The Project Gutenberg Literary Archive Foundation is a non profit
501(c) (3) educational corporation organized under the laws of the
state of Mississippi and granted tax exempt status by the Internal
Revenue Service. The Foundation’s EIN or federal tax identification
number is 64-6221541. Contributions to the Project Gutenberg
Literary Archive Foundation are tax deductible to the full extent
permitted by U.S. federal laws and your state’s laws.

The Foundation’s principal office is located at 4557 Melan Dr. S.
Fairbanks, AK, 99712., but its volunteers and employees are scattered
throughout numerous locations. Its business office is located at 809
North 1500 West, Salt Lake City, UT 84116, (801) 596-1887. Email
contact links and up to date contact information can be found at the
Foundation’s web site and official page at www.gutenberg.org/contact

For additional contact information:
Dr. Gregory B. Newby
Chief Executive and Director
gbnewby@pglaf.org

Section 4. Information about Donations to the Project Gutenberg
Literary Archive Foundation

Project Gutenberg-tm depends upon and cannot survive without wide
spread public support and donations to carry out its mission of
increasing the number of public domain and licensed works that can be
freely distributed in machine readable form accessible by the widest
array of equipment including outdated equipment. Many small donations
($1 to $5,000) are particularly important to maintaining tax exempt
status with the IRS.

The Foundation is committed to complying with the laws regulating
charities and charitable donations in all 50 states of the United
States. Compliance requirements are not uniform and it takes a
considerable effort, much paperwork and many fees to meet and keep up
with these requirements. We do not solicit donations in locations
where we have not received written confirmation of compliance. To
SEND DONATIONS or determine the status of compliance for any
particular state visit www.gutenberg.org/donate



LICENSE. IX

While we cannot and do not solicit contributions from states where we
have not met the solicitation requirements, we know of no prohibition
against accepting unsolicited donations from donors in such states who
approach us with offers to donate.

International donations are gratefully accepted, but we cannot make
any statements concerning tax treatment of donations received from
outside the United States. U.S. laws alone swamp our small staff.

Please check the Project Gutenberg Web pages for current donation
methods and addresses. Donations are accepted in a number of other
ways including checks, online payments and credit card donationms.
To donate, please visit: www.gutenberg.org/donate

Section 5. General Information About Project Gutenberg-tm electronic
works.

Professor Michael S. Hart was the originator of the Project Gutenberg-tm
concept of a library of electronic works that could be freely shared
with anyone. For forty years, he produced and distributed Project
Gutenberg-tm eBooks with only a loose network of volunteer support.

Project Gutenberg-tm eBooks are often created from several printed
editions, all of which are confirmed as Public Domain in the U.S.
unless a copyright notice is included. Thus, we do not necessarily
keep eBooks in compliance with any particular paper edition.

Most people start at our Web site which has the main PG search facility:
WWW.gutenberg.org

This Web site includes information about Project Gutenberg-tm,

including how to make donations to the Project Gutenberg Literary

Archive Foundation, how to help produce our new eBooks, and how to
subscribe to our email newsletter to hear about new eBooks.



	PG Boilerplate.
	Transcriber's Note.
	Front Matter.
	Main Matter.
	Introduction.
	Geometrical Solutions Derived from Mechanics.
	Section I.
	Section II.
	Section III.
	Section IV.
	Section V.
	Section VI.
	Section VII.
	Section VIIa.
	Section VIII.
	Section IX.
	Section X.
	Section XI.
	Section XII.
	Section XIII.
	Section XIV.


	Back Matter.
	PG License.

